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Abstract We introduce a novel Bayesian method to construct local paleosecular variation (PSV) curves. By
modeling the geomagnetic field as a Gaussian process, global models can be incorporated as informative prior
distributions. Because we use Hamiltonian Monte-Carlo methods, complex age distributions resulting for
example from radiocarbon calibration can be incorporated in the model. This improves PSV reconstruction in
poorly sampled intervals and allows age refinement of individual records. We validate the method with
synthetic data and apply it to the Azores, demonstrating its effectiveness in data-limited regions. The approach is
implemented in an open-source Python package.

Plain Language Summary We present a new way to build local representations of how Earth's
magnetic field has changed over time, even when only limited data are available. Our method uses global
magnetic field models as a guide and can handle complex dating information, such as the uncertainties that come
with radiocarbon dating. This helps create more accurate magnetic field curves and can improve the age
estimates of individual samples. We tested the method on simulated data and real data from the Azores, showing
that it works well in areas with few measurements. The method is freely available as a Python software package.

1. Introduction

Full vector paleosecular variation (PSV) curves describe local changes in the Earth's magnetic field. In contrast to
global field models, which often smooth local rapid variations, PSV curves show the small scale behavior, such as
geomagnetic jerks or spikes (Ertepinar et al., 2020; Yu et al., 2010) of the Earth's magnetic field at that specific
location. Additionally, a high quality PSV curve may be used as an archeomagnetic dating tool (e.g., Béguin
et al., 2021; Bohnel et al., 2016; MclIntosh & Catanzariti, 2006; Pavon-Carrasco et al., 2011).

Creating a local PSV curve is relatively easy in areas where there is a large amount of paleomagnetic data
available. Most recent studies constructing PSV curves (e.g., Mexico (Mahgoub et al., 2019), South America
(Goguitchaichvili et al., 2019) and Iberia (Molina-Cardin et al., 2018)) are based on the bootstrap algorithm
approach by Thébault and Gallet (2010), several other PSV curves are based on Bayesian methods (Hellio
et al., 2014; Lanos, 2004; Lanos et al., 2005; Livermore et al., 2018). All of these approaches require a dense data
input. However, a large paleomagnetic data set is not always available as the temporal and spatial distribution of
paleomagnetic data are poor. For example, most paleomagnetic data come from the Northern Hemisphere,
whereas data from the Southern Hemisphere, especially before 0 CE, remains scarce (Brown et al., 2021). Besides
the spatially sparse distribution of data, regions may also suffer from a lack of paleomagnetic data for specific
time intervals. This might be due to unknown lava flow ages or infrequent volcanic eruption intervals. Therefore,
constructing a reliable PSV curve for volcanic islands, remote locations or in regions in the Southern Hemisphere
often proves to be difficult.

Paleosecular variation curves are mostly constructed for the last thousands of years. The age of deposits within
this period is sometimes known absolutely, but often they are dated with radiocarbon. The previous methods to
construct PSV curves assumed the radiocarbon age uncertainty to be normally distributed (e.g., Thébault &
Gallet, 2010). However, due to non-linear changes in the atmospheric '*C/'C ratio the calibrated age distribution
may become very complex. Béguin et al. (2021) present a method to construct a PSV curve when data density is
lower, which by using bootstrapping also takes the uncertainty in radiocarbon age into account. However, PSV
curves reconstructed with the method of Béguin et al. (2021) still rely on simply connecting the available
datapoints, which naturally results in greater uncertainties in declination, inclination and intensity in time in-
tervals with less data.
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In this study, we address this limitation by incorporating global geomagnetic field models as prior knowledge,
which helps constrain the PSV curve in poorly sampled time intervals. This novel method to estimate PSV curves
is especially aimed at regions with low paleomagnetic data coverage. Furthermore, we include the full radio-
carbon age distribution, which reflects the dating uncertainties in the final model. We demonstrate the method
using a synthetic data set, and ultimately with a case study implementing data from the Azores study of Béguin
et al. (2021). Users may select from multiple global models or opt for a simple dipole-based prior. This provides
an approach to construct local paleosecular variation curves for remote locations with limited available data.

2. Methods

We propose to construct local PSV curves based on a Gaussian process prior. If only a few datapoints are
available locally, we suggest building the prior from an existing, global model. In the following, we describe the
prior model, likelihood and inference strategy.

2.1. Brief Introduction to Gaussian Process Modeling

Here we present a brief overview of Gaussian process modeling. For a more extensive introduction, we highly
recommend the book by Rasmussen and Williams (2006). Gaussian processes can be seen as the continuous
generalization of multivariate normal distributions. They are uniquely defined by a mean function and a
covariance function or kernel. For a random variable f one writes

f ~GP(f.K;),

where f is the mean function and K ¢ the kernel. As a stochastic process, f is continuous over a continuous set X,
for example, time or the Earth's surface. For all finite vectors x = (xq,...,x,)" where the x; are in X, the vector
f) = (f(x)),....f(x,)" is a multivariate random variable with mean f(x) and covariance matrix
%;; = Ky(x;,x;). Gaussian processes define distributions over function spaces. The properties of the functions
(smoothness, amplitude, etc.) in this space are fixed by the kernel function. For additional information on the
relation between function spaces and Gaussian processes, we recommend Berlinet and Thomas-Agnan (2004) and
Kanagawa et al. (2018).

Within Bayesian inference, one can use a Gaussian process as a prior model. Let o(z) = f(z) + € be observations
at locations z with normally distributed measurement errors € with covariance matrix Z,. Then the posterior is also
a Gaussian process

flo ~ GPELf)]o]. Cov[f(x).£()|o]).
with mean function
Elf()|o] = F + K, (x.2)(K;(z.2) + Z,) " (0 = F(2)) )
and covariance function

Cov[f (). f(lo] = K (x.y) = K, () (K (3.y) + Z,) " K((z.y). 2

Note that the posterior covariance does not depend on the observations o but only on the locations of observation y
and the error covariance Z,. In the cases of archeo- and paleomagnetism, the magnetic field vector is not observed
directly, but its intensity and/or directions are estimated based on preserved remanent magnetizations. Due to this
non-linearity, standard Gaussian process regression as laid out here is not directly applicable and approximation
techniques have to be employed (see Section 2.4). Nevertheless, central properties of the linear case persist also in
the non-linear one.

Figure 1 shows an example of Gaussian process regression in an arbitrary, linear and one dimensional setting.
From the right panel, one can see that records with large measurement uncertainties do not reduce the posterior
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Figure 1. Basic example of Gaussian process regression. The left panel shows the prior. The mean function is drawn as a thick
blue line, three samples from the prior are shown as thin lines. The right panel shows an arbitrary function as a black dashed
line. Synthetic data, shown in black, has been generated from this function. The posterior mean, corresponding to this data
and the prior of the left panel, is shown as a thick blue line, three posterior samples are shown as thin blue lines. For
comparison, the prior mean is shown as a dashed line. In both panels, the shaded areas cover one and two point-wise standard
deviations respectively.

uncertainties as much as records with smaller measurement uncertainties. In the left part of the right panel, the
posterior mean is close to the prior. This is because the record does not add much information to the model.

2.2. Gaussian Process Prior

We employ Bayesian inference to construct a PSV curve at a location of interest. At this location, we model the
geomagnetic field vector B with a Gaussian process prior

B(#) ~ GP(B(1),K(t,1")), 3)

where B(r) is the prior mean function and K(z,7') the prior covariance kernel. Since B is a 3-dimensional vector,
for every time 7, B() is a 3-dimensional vector as well and for every pair of times 7 and ', K(r,#') isa3 X 3
matrix. We distinguish three different approaches for choosing B(f) and K(z,t'):

One option is to use a constant axial dipole field for the mean function B(f). By default, the value of the axial
dipole is set to —30 puT, an average value for the Holocene (e.g., Nilsson et al., 2022). It is straightforward to use a
different value. A priori, the local vector components are assumed to be uncorrelated with a Matérn-covariance
function

t—t t—t
Kii(tvt/) = 62K,-j5,-,~ . (1 + | |) exp(—' |), (4)
X X T T

where §;; is the Kronecker delta, o is the a priori standard deviation and 7 the correlation time. k;; is introduced to
address the magnetic field geometry and is one for the North and East component and two for the down
component. Default values for ¢ (10 pT) and 7 (150 yrs) were selected heuristically. The initial range of values
was determined by the collection of different values used to construct recent statistical models (Hellio & Gil-
let, 2018; Nilsson et al., 2022; Schanner et al., 2022). We ran the code with o between 5 and 15 pT and 7 between
100 and 250 yrs. The chosen default values worked best to capture data variability in the presented case study.
Similar to the axial dipole, the values can be changed easily, if for example, one wants to explicitly model faster or
higher amplitude variations. The a priori model is anchored to the present day field by one inference step, in
which the year 2000 prediction of the Kalmag model (Baerenzung et al., 2022) is included as an artificial
observation. For the mean, this gives

_ K(t,th000)

B(l) = Bax 52 : (BZOOO - Bax)’ (5)
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where B,, is the magnetic field vector of the axial dipole field at the location of interest and B, the field
prediction of Kalmag for the epoch 2,000 at the location of interest. The covariance is updated analogously
(Equation 2). We refer to this as the simple GAD prior (Geocentric Axial Dipole).

The simple option works well in situations where many records from a single location of interest are available, for
example, in the common era Europe. In situations where data are sparse, we suggest to use a global field model
posterior as a local prior. The PSV curve in this scenario is an update to the local model prediction, based on the
new data. The prior mean function is directly available from the model ensemble, the local covariance is
approximated by a multivariate Gaussian, as described below. We call these global model priors. Currently, four
global models can be used as priors: pfm9k.2 (Nilsson et al., 2022), COV-ARCH (Hellio & Gillet, 2018),
ArchKalmagl4k.r (Schanner et al., 2022) and ArchKalmag8k (Schanner et al., 2025). Note that due to the way
these models are constructed, uncertainties in the Southern Hemisphere are larger than in the Northern, as ex-
pected (see e.g. Figure 11 in Hellio and Gillet (2018)). To avoid the global models being overconfident we include
the option to increase the model standard deviation by an arbitrary factor. By default, this factor is set to 1. A
reviewer suggested to use only the large scale degrees as a prior. We therefore constructed an average model of
the three ensembles, that can be truncated at large scales to use only global features that are part of all models. To
address the undetermined small scale structures of the magnetic field, additional variance is added to the model
according to the global statistical parameters determined by Schanner et al. (2025). We refer to this as the large
scale prior. We investigate the influence of the choice of priors in Section 3.

2.3. Paleomagnetic Data

In paleomagnetism, indirect observations of the Earth's magnetic field are provided as declination D, inclination /
and/or intensity F. They relate non-linearly to the magnetic field vector B = (BN,BE,BZ)T, where By is the
North, Bg the East and B, the downward component. For the directions and intensity, the following functions
define the relation between By, By, B, and D,I, and F:

B
D = arctan (—E> (6)
By
I = arctan| _ B @)

2 2
\/B% + B
F=+/B}+B%+B (8)

We model the measurement errors for all three (declination, inclination and intensity) by Student's 7-distributions
with 4 degrees of freedom (we use 7 for the distribution, instead of the more common ¢, as the latter is used for the
specimen ages). The wider tails of the 7 -distribution compared to a normal distribution allow the model to better
deal with inconsistencies in the data set. For the intensity measurements, the 7 -distribution's scale parameter is set
to the provided standard deviation 6. For the directions, the common approximations to the ags confidence cone
are used (e.g., Suttie & Nilsson, 2019).

57.3
o= m%s ©)
op=—1 (10)
cos /

Paleomagnetic data can be associated with one of four types of dating, each with their own uncertainty that needs
to be considered in modeling. If the age of a unit is known precisely, often from a direct observation, it is included
deterministically as a fixed number and from here on referred to as “absolutely dated”. If only the era of a sample
is known, for example from a historical source or from stratigraphical bracketing between two units with known
ages, the ages must be modeled as uniformly distributed within an interval. We call these “uniformly dated”:
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t ~ Uniform(t,n, fiax) (11)

If a sample is associated with a radiocarbon age and both the radiocarbon age x'*C and its uncertainty ¢'*C are
available, we follow Blaauw and Christen (2011) to include the appropriate calibration curve in the model
(Heaton et al., 2020; Hogg et al., 2020; Reimer et al., 2020). The nature of the radiocarbon calibration curve leads
to a possibly highly multimodal distribution, which will be considered appropriately in our Bayesian approach.

2

T3(p, 20),
B= pise = Hea (D), (12)

o = 6124C + 6%, (D).

where p,(7) and 6., (#) are the mean and standard deviation of the calibration curve at time ¢. Lastly, we also
include the option to model the ages as a normal distribution, for example, when the age of a volcanic unit is
inferred from the growth of pioneer tree species (Albert et al., 2020), or if the radiocarbon age is pre-calibrated
and the original data are not available.

Together, an observation o of the field vector B is modeled by

o(t) = H[B()] + ey,
He{D,I,F}, ey ~ T4(0,0y), (13)

re {tﬂxed’ Tuniforms 114¢ > Tnormal }

Together, these components define the likelihood of our Bayesian PSV-curve.

2.4. Hamiltonian Monte-Carlo Inference

The non-linearity of the observation functionals H and the random variable nature of the observation ages r make
the posterior inaccessible in closed form. It is possible to approximate the posterior by using normal distributions
for the ages and by linearizing the observation functionals (McHutchon & Rasmussen, 2011; Schanner
et al., 2021). Instead, we consider the non-linearity and the full form of the age distributions in the posterior, by
generating a posterior ensemble using Hamiltonian Monte-Carlo inference (e.g., Betancourt, 2018).

To speed up the sampling, we use two minor approximations. The first one relates to the multimodal radiocarbon
age models. Instead of considering the time continuous distribution (12), we evaluate (12) at the calibration curve
knot points and return a discrete distribution at points where the probability is above a threshold of 102, This is
similar to Bchron (Haslett & Parnell, 2008). For sampling, the actual distribution (12) is then approximated by
inverse cdf-sampling and linear interpolation. For a single data point, we tested sampling the approximate and full
distribution and found no significant difference in the posterior ensemble. The sampling speed was about two
orders of magnitude faster with the approximation. The second approximation concerns the Gaussian process.
The ensemble models are already provided at specific knot points, that, is as realizations of the Gaussian process
posterior. These form a multivariate normal distribution. Instead of trying to recover the actual Gaussian process
functions, we adopt the multivariate normal approximation and linearly interpolate between the knot points. At
the cost of minor inaccuracies, this prevents expensive calls to the kernel function at the random ages. Further, this
reduces calculating the a priori correlation function from the ensemble to calculating the ensemble covariance
matrix.

We implement the described model using the probabilistic programming language PyMC (Abril-Pla et al., 2023).
PyMC provides a high-level interface to a wide range of probability distributions, that can be combined to reflect
complex models, such as the one presented here. It also provides high level access to an efficient No-U-Turn
Sampler (NUTS Hoffman & Gelman, 2014), as well as just-in-time compilation (Bradbury et al., 2018). Our
implementation is provided as a python package and comes with tutorial notebooks, showcasing how to use it.
The code is available on GitHub https://github.com/arthus701/pypsv.
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Figure 2. Inclination component of synthetic PSV curves for the Comoros, generated with our model using different priors.
The solid blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation of the posterior. The
dashed blue line shows the prior mean, the dash dotted lines indicate one point-wise standard deviation of the prior. The
dashed black line depicts the ground truth, a sample from the pfm9k.2 model, used to generate the synthetic data, shown in
gray. The violins indicate the multi-modal age distributions from radiocarbon dating. The prior and posterior age
distributions for the record highlighted by the red dot are shown in Figure 4.

3. Validation

To validate the proposed method, we construct a synthetic data set for the Comoros. The Comoros is a volcanic
archipelago, located between Africa and Madagascar. Data coverage is sparse there, which is why it is well suited
as a test location. We use a sample from the pfm9k.2 model ensemble (Nilsson et al., 2022), to generate decli-
nation, inclination and intensity data at the location of Mount Karthala on Ngazidja (Grande Comore; 11.78° S,
43.35° E). We choose specific input dates and treat some of the data as radiocarbon, some as uniformly and some
as absolutely dated. According to specified error levels, a random shift in age is added to the input dates and
artificial, normally distributed measurement errors are added to the generated declination, inclination and in-
tensity. For some records, we specifically set the values to illustrate the behavior of our Bayesian modeling
procedure. We then run our model on the data, using the simple GAD prior, a prior generated from the COV-
ARCH model (Hellio & Gillet, 2018) and the large scale prior with truncation degree 2 (see Section 2.2).
Note that COV-ARCH and pfm9k.2 share parts of the data set, so the COV-ARCH prior is already close to the
ground truth in this synthetic example. The same is true for the large scale prior, as it is constructed from both
pfm9k.2 and COV-ARCH.

Figure 2 shows the reconstructed local inclination curves for the three cases. Declination and intensity curves are
similar and presented in the appendix (Figures Al and A2). For the recent centuries, up until ca. 1300 CE, all
models are able to capture the reference signal. Because the original COV-ARCH model and the reference process
agree well for this time, the reconstruction using the COV-ARCH prior is slightly better. Differences are found for
earlier times. During the intermediate period, between 600 and 1250 CE, the simple GAD prior is drawn to the
poor quality record. For the COV-ARCH and large scale priors, the poor quality record is close to their prior, so
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Figure 3. Relative reduction of the widths of the point-wise 68% highest density intervals for the inclination curves of the
synthetic case. The corresponding prior and posterior curves are presented in Figure 2.

the model does not change substantially. For the earlier times, O CE to 300 CE, there are three datapoints, two of
which are dated quite well and one, that is, not very well dated. The simple GAD prior gives a wide plateau for
these times, while due their priors, the other two models reproduce the bend of the true signal. Likely due to larger
a priori variance, the large scale prior is able to capture the true signal better than the COV-ARCH prior.
Comparing prior and posterior mean functions only gives part of the picture of Bayesian inversion. The shaded
area in Figure 2 shows one point-wise standard deviation of the posterior, the dash-dotted lines indicate the same
for the prior.

To better visualize the change from prior to posterior, Figure 3 shows the relative reduction of the point-wise 68%
highest density intervals (HDIs). The larger the value, the more the spread of the posterior compared to the prior
distribution is reduced at the given point in time. As the COV-ARCH prior is already quite confident for the early
times, the reduction is lower for this model. The plateau between 500 and 1000 CE indicates, that the poor quality
record does not add much information to the model. The same is true for the record from 414 CE, shown in red in
Figure 2. Even though for this record the inclination is relatively well determined, due to the large error in dating,
the record does not add much information to the model. Instead, the age distribution for this record is updated by
the model. Figure 4 shows the prior and posterior age distribution for this record. Because there are two better
dated records to the left of it, even the simple GAD prior model shifts the age of the record. Because of the more
informative priors, the shift is stronger for the other two models, and especially for COV-ARCH.

Simple GAD prior COV-ARCH prior Large scale prior
Prior 414 CE + 131 414 CE + 131 414 CE + 131
Posterior 336 CE + 125 250 CE = 75 275 CE = 92

0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Time [yrs.] Time [yrs.] Time [yrs.]
Figure 4. Prior and posterior distribution of the age of the red highlighted synthetic record in Figure 2. The numbers in the top

right corners indicate mean and one standard deviation of the respective distributions. The true age of the synthetic record is
218 CE.
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Figure 5. Declination D, inclination / and intensity F data from the Azores. The spatial distribution is depicted in Figure 6.
Inclination and intensity data have been translated to a common latitude (e.g., Merrill et al., 1996). Gray data are included in
the GEOMAGIA database (Brown et al., 2021) and thereby in the global models we consider. Blue data are new, in this sense
(Béguin et al., 2021). For the new data, the age distributions are depicted as violins. Data points without horizontal error bars
are absolutely dated. Sample PIS is highlighted in red.

4. Case Study

We present an example case study of the proposed PSV curve construction method. For the Azores, many data
points are available. Some of these records were used to construct the ArchKalmagl4k.r (Schanner et al., 2022)
and pfm9k.2 (Nilsson et al., 2022) models. For illustration purposes and to avoid circular reasoning, we construct
PSV curves based only on data that were not used in the models.

The Azores data set is depicted in Figure 5. Data from Béguin et al. (2021) that are not included in the GEO-
MAGIA database (Brown et al., 2021), and therefore not in the global models we consider as priors, is depicted in

29°W 28°W 27°W 26°W 25°W

39°N 39°N

30 30
38°N 38°N
30 30

37°N 37°N

29°wW 28°W 27°W 26°W 25°W

Figure 6. Spatial distribution of the Azores data set. Gray data are included in the GEOMAGIA database (Brown et al., 2021)
and thereby in the global models we consider. Black data are new, in this sense (Béguin et al., 2021). The red cross marks the
location for which the PSV curves are constructed.
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Figure 7. Declination component of the PSV curves, generated with our model using different priors for the Azores. The solid
blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation. The dashed blue line shows
the prior mean, the dash-dotted line one point-wise prior standard deviation. Gray data from Béguin et al. (2021) are not
included in the GEOMAGIA database. Sample PI5 is highlighted by a red dot. The bottom panel shows the PSV curve
produced by Béguin et al. (2021), together with a 68% confidence interval.

blue. If the age of a data point is determined using radiocarbon dating, we depict the resulting multi-modal
distribution by a violin plot. In general, the blue data points are consistent with the data, that is, already
included in GEOMAGIA (depicted in gray). However, especially in the inclination around 1500 CE, some data
are inconsistent or hint at very rapid field changes. The spatial distribution of the data are shown in Figure 6. In the
following, we discuss PSV curves for the location marked by a red cross in Figure 6 (38.28° N, 27.16° W).

Declination
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Figure 8. Relative reduction of the widths of the point-wise 68% highest density intervals for the declination of the Azores
case study. The corresponding prior and posterior curves are presented in Figure 7.
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Figure 9. Prior and posterior age distributions for sample PIS. In Figures 5 and 7, sample PI5 is highlighted by a red dot.

We construct three curves. The first curve is based on the simple GAD prior. The second curve uses the local
prediction of the global ArchKalmagl4k.r model as a prior, and updates the prediction with the data. The third
curve uses the large scale prior, truncated at degree two. Our modeling code was used to sample the posterior
distribution for the three different curves. After a tune-in phase of 1,000 steps, 4 chains of 500 samples were
generated for each curve. The final chains indicate good mixing and low auto-correlation. A tail estimate of the
mean effective sample size ratio was 0.73 for the first, 0.70 for the second and 0.72 for the third curve. The R
statistic, which compares the in chain variance with the between chain variance (Vehtari et al., 2021), was below
1.1 for all random variables. This indicates good convergence.

Figure 7 shows the posterior declination curves. The figures for inclination and intensity are similar and presented
in the appendix (Figures B1 and B2). For the simple GAD prior, the a priori mean is a straight line, that goes to the
modern value (dashed line in the top panel). The posterior mean (solid line in the top panel) fits the data well. The
point-wise posterior standard deviation, depicted with light blue shading, indicates reduced uncertainties for
epochs of good data coverage. For the ArchKalmag prior, the posterior mean (solid line in the second panel) only
slightly deviates from the prior mean (dashed line). This is due to the surrounding data from the Azores, which is
already included in the model, and the large amount of data from Europe that exists for the last two millennia. The
large scale prior (dashed line in the third panel) shows more structure than the simple GAD prior, but larger
a priori standard deviation than ArchKalmagl4k.r (dash-dotted lines). Therefore, the posterior mean is shifted
more than for the global model. Similar to the validation, Figure 8 shows the relative reduction of the point-wise
68% HDIs for the three curves. From this figure, it becomes clear that the ArchKalmagl4k.r posterior mainly
reproduces the prior. For the other two models, this is also the case for the data gap between 0 CE and —1000 CE,

Declination [deg.]

w
o
s

—— Simple GAD prior
ArchKalmagl4k.r prior

- Large scale prior

- Béguin et al. (2021)

N w N
o =] o
L L L

Width of the HDI (68.0%) [deg.]
=
o

0 -
—2000 —1500 —1000 —-500 0 500 1000 1500 2000
Time [yrs.]

Figure 10. Width of the point-wise 68% highest density intervals for the declination of the Azores case study. The
corresponding prior and posterior curves are presented in Figure 7.
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Figure 11. Declination component of the PSV curves, generated with our model using different priors and all available data
for the Azores. The solid blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation. The
dashed blue line shows the prior mean, the dash-dotted line one point-wise prior standard deviation. Gray data from Béguin
etal. (2021) is not included in the GEOMAGIA database. Brown data are taken from GEOMAGIA (Brown et al., 2021). The
bottom panel shows the PSV curve produced by Béguin et al. (2021), together with a 68% confidence interval. Note that the
model in the top panel did not converge. See the text for additional details.

while for the simple GAD prior, the interval where the prior is reproduced is shorter. A comparison to the data,
shown in gray in Figure 7, reveals, that the ArchKalmagl4k.r based curve does not fit all records. This is most
obvious for the record with ID PIS, which is highlighted by a red dot. Figure 9 shows prior and posterior age
distributions for this sample and the three models. In the ArchKalmag14k.r model, the age is shifted to agree with
the prior.

The bottom panel of Figure 7 shows the reconstruction of Béguin et al. (2021), together with 68% confidence
intervals. Around 1500 CE their curve shows more variability than the models we produced, due to the additional
records shown in Figure 5, which were not included in our reconstructions. The ArchKalmagl4k.r prior includes
these data and indicates a swing similar to the curve of Béguin et al. (2021), but with smaller amplitude. Figure 10
shows the widths of the point-wise posterior 68% HDISs for the four curves. The intervals estimated by Béguin
et al. (2021) with a bootstrap approach are in a comparable order of magnitude to the large scale model we
constructed. However, their approach can not reflect correlations between the records, nor updates to the age
distribution based on such correlations or prior information. Further, similar to the choice of prior in our approach,
the estimate depends on the parameters used to construct the smoothing spline solutions.

4.1. Fitting All Data

Figure 11 shows two reconstructions based on all available data. The top panel uses the simple GAD prior, the
center panel the large scale prior, again truncated at degree one. The bottom panel shows the reconstruction of
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Béguin et al. (2021). For the simple GAD prior, the model does not converge. This is indicated by large R
values, especially for the times between 500 CE and 1000 CE. In this interval, many records with large dating
uncertainties lead to multimodality in the posterior, that can not be captured well with the employed algorithm.
The large scale prior works better, but it already includes information from the additional records via the
global models, leading to circular reasoning. It is interesting to note, that the model built from the large scale
prior does not fit the record at 1563 CE and therefore does not show the swing that the other two models
show.

5. Discussion and Outlook

We present a novel, Bayesian method of constructing PSV curves. This method allows the use of all available
types of dating, and offers flexibility in the choice of the prior, by using a simple GAD prior or a global model
prior. A simple GAD prior is sufficient in regions with dense data coverage, such as Europe. In regions with low
data coverage, using a global geomagnetic field model as a prior is a valuable alternative to construct a more
reliable PSV curve.

In comparison to the method proposed by Livermore et al. (2018), the method uses a much simpler prior structure
based on Gaussian processes. Similar to the transdimensional approach proposed by Livermore et al. (2018), the
Gaussian process can vary quickly in times of high data coverage and slowly if no data are present (see the top
panel of Figure 7). The Gaussian process structure allows incorporating global models as an alternative prior. For
regions of low data coverage, using a global model can improve the representation of the local field variability.
This however comes with one obvious drawback: Regions of low data coverage are also the regions in which the
global models are least reliable. Especially in the Southern Hemisphere, some global models show signs of
overswinging, resulting in spurious signals. Further, for recent times, global models may be overconfident in
regions of large data coverage. This is indicated by the curve in the second panel of Figure 9 not fitting the
highlighted record. Instead, its age is shifted to agree with the prior. Which one is true (correcting the curve or
shifting the age) can not be decided within the framework presented here. It is the responsibility of the investigator
to select a prior they deem appropriate. Nevertheless, diagnosis like the reduction of uncertainties from prior to
posterior (Figure 8) can help with the decision. In the presented case study, the curve based on the global model
prior basically reproduces the prior. This can indicate consistency of the regional data with the global model, but
may also indicate overconfidence, as described above. Especially in the presented case, dating uncertainties are
large, and consistency with the prior does not relate to the quality of the data. We include multiple global models
with our method, so that users can compare results from different models and assess the quality of the local
reconstruction that way. If using a global model as a prior, one should take care that data used to construct the
PSV-curve has not already been used to construct the model, to avoid circular reasoning. We also include the
option to only use large scale information from the global models, by truncating a model constructed from all
included ensembles at low spherical harmonics degree. This can mitigate the overconfidence, but still improve
curve reconstruction compared to a simple axial dipole.

A strength of the proposed method is the explicit modeling of complex age distributions. By using modern
Hamiltonian Monte-Carlo methods, strongly multimodal distributions, resulting from radiocarbon dating, can be
incorporated. The resulting uncertainties are reflected in the reconstructed PSV curve. In contrast to the bootstrap
approach, proposed by Béguin et al. (2021), the model can utilize cross correlations and prior information.
Especially if dating uncertainties are large compared to the uncertainties in the magnetic signal, the method will
update the age model instead of the PSV signal.

The method may be extended to reflect additional constraints, like ordered dates resulting from stratigraphy in
archeological sites or lava flows. The proposed algorithm is implemented as a python package and distributed via
GitHub https://github.com/arthus701/pypsv.
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Appendix A: Additional Curves From Validation
Figure Al.
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Figure Al. Declination component of synthetic PSV curves for the Comoros, generated with our model using different priors.
The solid blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation of the posterior. The
dashed blue line shows the prior mean, the dash dotted lines indicate one point-wise standard deviation of the prior. The
dashed black line depicts the ground truth, a sample from the pfm9k.2 model, used to generate the synthetic data, shown in
gray. The violins indicate the multi-modal age distributions from radiocarbon dating. The prior and posterior age
distributions for the record highlighted by the red dot are shown in Figure 4.
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Figure A2. Intensity component of synthetic PSV curves for the Comoros, generated with our model using different priors.
The solid blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation of the posterior. The
dashed blue line shows the prior mean, the dash dotted lines indicate one point-wise standard deviation of the prior. The
dashed black line depicts the ground truth, a sample from the pfm9k.2 model, used to generate the synthetic data, shown in
gray. The violins indicate the multi-modal age distributions from radiocarbon dating. The prior and posterior age
distributions for the record highlighted by the red dot are shown in Figure 4.
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Appendix B: Additional Curves From the Case Study
Figure B1.
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Figure B1. Inclination component of the PSV curves, generated with our model using different priors for the Azores. The
solid blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation. The dashed blue line
shows the prior mean, the dash-dotted line one point-wise prior standard deviation. Gray data from Béguin et al. (2021) is not
included in the GEOMAGIA database. Sample PIS is highlighted by a red dot. The bottom panel shows the PSV curve
produced by Béguin et al. (2021), together with a 68% confidence interval.
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Figure B2. Intensity component of the PSV curves, generated with our model using different priors for the Azores. The solid
blue lines depict the posterior mean, the shaded area covers one point-wise standard deviation. The dashed blue line shows
the prior mean, the dash-dotted line one point-wise prior standard deviation. Gray data from Béguin et al. (2021) is not
included in the GEOMAGIA database. Sample PI5 is highlighted by a red dot. The bottom panel shows the PSV curve
produced by Béguin et al. (2021), together with a 68% confidence interval.
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